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ABSTRACT

A novel unconditionally stable finite element scheme
is incorporated to the conventional FD-TD analysis for
solving the Maxwell’s equations associated with objects
with curved boundary. It is applied to electromagnetic
scattering of two dimensional arbitrarily shaped dielec-
tric cylinders to demonstrate its advantages in accu-
racy, stability, computational efficiency, and program-

ming ease.

INTRODUCTION

The FD-TD analysis has been prevalently applied to
deal with various electromagnetic problems. Its original
form works excellently for structures which can fit well
into Cartesian coordinates [1]. However, it suffers from
the disadvantage that an accurate staircase approxima-
tion to a structure with curved boundary usually re-
quires a very fine mesh and, consequently, a very small
time step in time marching due to the stability con-

straint. Exploiting conformity is one way to alleviate

the staircasing approximation. Several researchers have
proposed the conformal schemes and employed them to
the solution region either globally [2,3] or locally [4,5,6].

To better model the arbitrary boundary, the more
flexible finite element method (FEM) has been inves-
tigated recently [7,8]. In addition to a sophisticated
management and vast memory storage for the book-
keeping system in FEM, it requires in each time step
the solution of a large system of simultaneous equa-
tions, which is quite time consuming even employing
the sparse matrix technique. This makes it especially

desirable to confine the FEM solution region as close
to the curved boundary as possible. Also, the division
in FEM may sometimes unavoidably involve a very fine
mesh locally, which causes a serious stability concern.
A small time step to ensure the algorithm stable in the
region with fine mesh may in turn substantially deteri-
orate the overall computational efficiency.

This paper proposes a hybrid method which employs

the conventional FD-TD in most of the regular region

and the FEM in the junction region near the curved
boundary. This strategy preserves all the FD-TD ad-
vantages in most of the regular region while resorts tc)
FEM just enough to model the curved boundary. Also
incorporated is a scheme with unconditional stability
which circumvents the stability problem without any

additional computational load during the time march-
m

ing. As a result, the mesh division in FEM can be made
arbitrarily fine to fit the curved boundary while the sta-
bility is constrained only by the conventional FD-TD in

the regular region.

TIME MARCHING SCHEME

Consider a dielectric object of a curved bounda~y
shown in Fig. 1. The solution region is divided into
the regular and junction regions. The rectangular mes!h
in FD-TD algorithm is employed in the regular region
which spans both the exterior free space and the interior

833

CH3577-4/95/OOOO-0833$Ol.00 @ 1995 IEEE 1995 IEEEMTT-S Digest



dielectric medium a certain distance from the curved
boundary. Depending on the division size A in rectan-
gular FD-TD, the junction region usually spans three
to five division units and encloses the curved boundary
to both sides. Due to the flexibility offered by FEM, it
is not difficult to set up a mesh in the junction region

which conforms the curved boundary to the rectangu-

lar FD-TD mesh. It is worthy noticing in Fig.1 that
not only the boundary (called exterior boundary) of the
junction region but also the mesh points on the bound-

ary (called secondary boundary) next to the exterior
boundary fits the FD-TD mesh exactly.

The time domain analysis for solving Maxwell’s equa-
tions can be described by the time marching scheme.
Following the conventions in the FD-TD algorithm, the
discretizations are interleaved in both time and space.

Let lf~~~ and E~D be the magnetic and electric fields

in the regular region at time instants n – ~ and n,
respectively. In the junction region, E$~M denotes
the electric field at the time instant n, among which

-E~BM,B and E~~M ~ are the fields on the exterior and
secondary boundari~s, respectively. It deserves men-
tioning that E;BM,B and E~~M,l coincide with the
FD-TD mesh. Actually, the secondary boundary of the
junction region serves as the exterior boundary of the
regular region, and vice versa.

Given the electric fields E~D, E~~M,B, and E~~M,l,
one can update the magnetic field by applying the Fara-

day’s law [1]. Not only H~~’2, the field in the regular
n+l/2

region but also H~~M ~B, the field on the center sur-
face between exterior and secondary boundaries become
available. Based on them, one can proceed to update
the electric field by applying the Ampere’s law [1]. Here,
both E~$l and E~$& ~ can be determined.

It is next desired to solve the electric field in the junc-
tion region at the time instant n + 1.This is an initial
value problem in time with E~~M being the initial con-
dition as well as a boundary value problem in space with
En+l~EM,B being the boundary condition.

UNCONDITIONALLY STABLE FEM SCHEME

The unconditionally stable FEM (US-FEM) scheme
to be employed here follows the basic idea of Crank-
Nicolson formulation for hyperbolic partial differential
equations. It can be applied no matter that the differen-
tial operator in space is modeled by finite difference or
finite element based on node or edge representation. For
simplicity sake, the edge represent ation recently pro-

posed in [8] is employed here.

By a fruitful choice of the edge basis, the fields can

be updated by [8]

where the central difference operator 6 is defined by
~p ❑ Fn++ _ p-~ , Ai is the area of the z“th face, Ej
and !j are the surrounding E’s and line segments, and
Ci’s and dj’s are some coefficients.

In the conventional time domain analysis, the time

derivative is modeled by forward central difference while
the fields in the right hand sides of (1) are the values
at the central time instant. The US-FEM scheme in-
troduces an additional average operator in time

F.+* + p-+
OF=

2
(2)

to the right hand sides. Combining the resultant two
equations in (1) yields a system of equations which can
be written in the matrix form

[C]627?= -[D]@’z (3)

where ~ denotes the vector of the desired electric fields
in the junction region.

By the definition of the operators 6 and 0, the final
governing equation for the electric field at time instant
n + 1 can be written as

([c] + ;[D])~+l =

2([C] – +[D])r – ([c]+ ;pl])r (4)

Given the boundary field E$~~,~, all the fields in the

junction region Ef~~ can be solved from (4). Although
with more complicated expression, the matrices in (4)
have the same sparsity as the original ones in (1). After
suitable decomposition, both take same computation
time in the solution of the desired interior field at each
time step.

It is not difficult to show that (4) is unconditionally
stable. The matrix [C] denotes equivalent area and is
obviously positive definite. The matrix [D] corresponds
to the modeling of the Laplacian operator, –V2, in
space by FEM. Its positive definiteness can also be en-
sured since the Laplacian operator subject to Dirichlet
boundary condition is positive definite. As a result, (4)
can be shown to be always stable since all the eigen-
values of the matrix ([C’] + ~ [n])- 1([C] – ~ [D]) have
magnitudes smaller than unity.

STABILITY, ACCURACY, AND COMPUTATIONAL
EFFICIENCY
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Fig. 2. Example problem of a dielectric circular cylinder iHumi-
nat ed by an incident Gaussian TM wave.
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Fig. 3. Calculated total field inside the dielectric cylinder with
A = lcm and time step ratio p as a parameter.

To investigate its numerical aspects, the present for-
mulation is applied to the electromagnetic scattering
of arbitrarily shaped two-dimensional dielectric objects.
Fig.2 shows the example problem considered in this pa-
per. A circular cylinder of dielectric constant Cr = 4.0
and radius of 10crn is normally illuminated by a Gaus-
sian pulse of three-sigma pulse width 20cm. The tran-

sient response up to c . t = 400crn are of interest.

Fig.3 shows the total field at an interior point B with
A = lcm and time step ratio p = ~ as a parameter.
It is found that the present method remains stable even
if p = 0.7. Actually, it is the conventional FD-TD algo-
rithm rather than the present US-FEM scheme which
imposes the stability constraint (p < ~).

Fig.4(a) investigates the convergency of the present
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Fig. 4. Calculated total field inside the dielectric cylinder with
p = 0..5 and A as a parameter. Comparison between (a)
hybrid method and (b) conventional FD-TD algorithm with
staircase approximation.

hybrid method with p = 0.5 and A as a parame-
ter. It is interesting to notice the focusing effects
due to the circular dielectric cylinder. For comparison
sake, the results by the conventional FD-TD algorithm
with a simple staircase approximation are presented in
Fig.4(b). Although both methods with a very fine di-
vision (A = ~cm) yield almost identical results, the
staircase FD-TD results suffer relatively larger discrep-
ancy in the transient response.

Fig.5(a) and (b) compare the scattered fields calcu-

lated by these two methods at an exterior point A.
When the division is rough, the results of either method
show some discrepancy. It is hard to say which one is
better at a particular time instant. However, the figures
clearly show that the results obtained by the present
hybrid method converge more steadily and depict the
arrival time of each late time ripple more accurately.

Finally to be addressed is the computational efFi-
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Fig. 5. Calculated scattered field in free space region with p =
0.5 and A as a parameter. Comparison between (a) hybrid
method and (b) conventional FD-TD algorithm with staircase
approximation.

ciency of the present hybrid method. Due to the incor-

poration of FEM, the method requires additional com-
putation time and memory in mesh generation, matrix
calculation, and matrix decomposition during the pre-
processing as well as in matrix solution during the time
marching. Table 1 compares the required CPU time and
memory storage to those in conventional FD-TD algo-
rithm. Let N = ~ be the number of divisions in each
dimension. The total required memory and execution
time per step for FD-TD analysis are proportional to
N2. On the other hand, the additional memory storage
and time for FEM analysis increase roughly proportion-
ally to N. As a result, the overhad of the present hybrid
method becomes relatively smaller for a finer mesh. For
the case with a 300x 300 mesh, the overhead is found to
be only 10% in computation time and 13% in memory
requirement.
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TABLE I

COMPARISON OF CPU TIME AND MEMORY REQUIREMENT BETWEEN HYBRID METHOD AND CONVENTIONAL FD-TD (p = 0.5)

mesh pre-processing time marching FEM overhead
A NxN method time memory time/steps memory time memory

2.0 30 x 30 hybrid 2.25 9,840 4.56/ 400 6,228 153% 257%

FD-TD - — 2.69/ 400 2,760

1.0 60 X 60 hybrid 2.69 19,680 24.83/ 800 18,146 61% t30%
FD-TD - — 17.13/ 800 10,920

0.5 120 x 120 hybrid 4.29 39,360 167,44/1600 57,622 30% 33%

FD-TD - - 132.32/1600 43,440

0.25 240 x 240 hybrid 9.89 97,920 1106.26/3200 201,630 13% 16%
FD-TD - - 984.40/3200 173,280

0.2 300 x 300 hybrid 13.57 139,633 2217.68/4000 304,191 10% 13%
FD-TD - - 2019.92/4000 268,801

Program is executed in a notebook PC (TwinHead SlimNote DX2-661V1HZ).

The units of time and memory are .sec and 4 bytes, respectively.
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